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The mechanical properties of compliant composite particles incorporating block components of rubbery and 
glassy polymer phases, with two morphologies, different from that in high impact polystyrene (HIPS), have 
been studied in detail. By a combination of analytical and numerical modelling, it is demonstrated that block 
copolymer particles with the same volume fraction of rubber as HI PS are ineffective in craze nucleation when 
the rubbery component is dispersed in a topologically continuous glassy component, but are very much more 
effective when the two components are distributed in a concentric spherical shell morphology. These two 
morphologies achieve roughly upper and lower bounds to the stiffness of the particle. While thermal 
expansion misfit stresses make an important contribution to the stress state outside a particle, the main stress 
concentrating effectiveness of the particle comes from its increased tensile compliance. Analysis further shows 
that viscoplastic relaxation of the thermal stresses outside the particle improves its effectiveness somewhat, if 
such stress relaxation can produce proto-pores, that are the forerunners to craze initiation. 

(Keywords: compliant panicles; toughening; composite particles) 

I N T R O D U C T I O N  

The incorporation of rubbery particles into brittle glassy 
polymers has long been recognized to have the capacity to 
significantly toughen these materials. Bucknall and Smith 
identified the source of this toughness to be crazes that 
were initiated from the rubber particles 1. Crazes will 
toughen a polymer only when they can be readily 
generated uniformly throughout the volume. The 
introduction of rubbery particles in the polymer serves 
the purpose of providing controlled sites for craze 
initiation in a quasi-homogeneous manner. If craze 
initiation is too difficult from surface stress 
concentrations in homogeneous glassy polymers, the 
average accompanying stress levels become too high. This 
results in premature fracture of craze matter, which then 
propagates through the material to general fracture. 
Thus, in homopolymers crazes act as precursors to 
fracture. This dual role of crazes as precursors for fracture 
and as sources of dilatational plasticity in glassy polymers 
has stimulated much research on the factors which 
influence the initiation, growth, and structure of crazes. 
These investigations have been extensively reviewed 2-s . 

More recently, research utilizing block copolymers has 
been directed at understanding and controlling the 
various characteristics of the particles that influence the 
toughness of polymers through crazing, such as: particle 
chemistry, morphology, size and volume fraction 6'7. In 
one such recent study of blending block copolymers of 
polybutadiene/polystyrene (PB/PS) together with 
additional low molecular weight PB to form composite 
particles with controllable morphology in high molecular 
weight PS, Gebizlioglu et al. s'9 found dramatic 
improvement in toughness. Thus, the manner in which 
composite particles with different elastic and thermal 
expansion properties concentrate stress around them to 
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initiate crazes needs to be understood. This need has been 
recognized by many investigators in the past. A summary 
of some early analysis of particles in HIPS is given by 
Bucknall 1. Not  considering many useful studies of 
spherical elastic heterogeneities in elastic media that 
abound in the materials science literature, there exist a 
number of more or less detailed studies specifically 
addressed to the properties of the composite particles in 
polymers that play a role in crazing ~°-15. An important 
aspect of the stress state around composite particles with 
a sizeable volume fraction of rubber is the thermal 
expansion misfit stresses that are built into the material as 
the polymer comes to room temperature from a 
processing excursion from around the glass transition 
temperature of the matrix phase. This important aspect 
has been recognized by a number of authors T M  1,14,1 s, 
although the consequences have been interpreted at times 
quite differently. While most of the analyses have 
considered particles only in infinite bodies, the effect of 
particle interaction in a tensile field have also been 
considered by Broutman and Panizza 16 in a finite element 
study. 

Here, we will present the results of a combined finite 
element and analytical study of the interaction of 
spherical composite elastic particles with their 
viscoplastic surroundings, under a distant tensile stress. 
The analysis will range from considerations of particles in 
infinite fields to substantial volume fractions where 
particle interactions, due to both thermal misfit and the 
distant tensile field, become important and must be taken 
into account. 

M O R P H O L O G I E S  AND STRESS HISTORIES 

Morphologies 

Composite particles in high impact polystyrene (HIPS) 
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Figure 1 A KRO-1 resin particle: (a) micrograph, (b) equivalent 
morphology chosen to evaluate 'homogenized' elastic properties 

consist of a collection of occluded stiff PS spheres in a 
topologically continuous minority phase of compliant 
polybutadiene (PB), generally produced by utilizing graft 
copolymers. Particles in acrylonitrile-butadiene-styrene 
(ABS) have the same general morphology as HIPS, but 
have a different blend of rubbers making up the 
topologically continuous compliant phase in the 
particles. Other particle morphologies consisting of core- 
shell arrangements where the compliant phase surrounds 
a central core of a single occluded particle of the stiff 
matrix phase 17, those of concentric spherical shell 
arrangement of alternating layers of stiff and compliant 
phases is, and morphologies of more complex types is, 
have been. produced and partially explored ~9. All 
particles resulting from direct polymerization reactions or 
from solvent processing are spherical in geometry. They 
may be of greatly different sizes and size ranges. 

Here, we will consider in some detail five different 
generic particle morphologies in heterogeneous 
polymers, and analyse their elastic properties in a 
viscoplastic matrix for the purpose of understanding their 
effectiveness in governing (dilatational) craze plasticity. 
These five morphologies include a pure PB/PS block 
copolymer particle with a morphology of tortuous and 
occasionally interconnected PB rods in a topologically 
continuous PS block phase; a pure PB particle; and two 
concentric spherical shell particles with alternating layers 
of PB and PS. The fifth morphology is that of the HIPS 
particle. The first of these particles has been obtained by 
Gebizlioglu et al. s by solution blending of KRO-1 resin 
into PS. The second is an idealized particle that is likely to 
represent the ultimate achievable properties. The third 
and fourth morphologies are also of a morphology 
achieved by Gebizlioglu et al. 9 in ternary blends of KRO- 
1 resin with low molecular weight PB into PS. They differ 
only in the thickness of the PB layer between the PS 

layers. Since the first two morphologies are either quasi- 
random, or isotropic, they will be analysed by first 
obtaining composite average elastic properties and 
thermal expansion coefficients for the inner morphology 
of the particle and then treating the particle as 
'homogenized' and isotropic in a background glassy PS 
matrix. In this sense, the approach lends itself directly to 
the HIPS particle morphology which will be evaluated 
last. 

The first of the four morphologies to be discussed will 
be referred to as the 'homogenized' particle. More 
specifically, the particle of interest is made by dispersing 
KRO-1 resin with a tortuously wavy rod morphology of 
23 wt ~o block PB in a topologically continuous block 
phase of PS, making up a spherical particle in a majority 
phase of high molecular weight PS, as shown in Figure la. 
Since the PB rods are randomly oriented inside the 
composite particle, the elastic properties of the latter can 
be 'homogenized' and treated as isotropic. Thus, we will 
treat this particle as homogeneous and isotropic, with 
properties to be determined by means of Chow's 2°'21 
method. In this consideration, the randomly wavy rod 
phase is approximated as spheres with a volume 
concentration of 0.23 in a topologically continuous PS 
matrix, as shown in Figure lb. The results of averaging 
the elastic properties and the thermal expansion 
coefficient by Chow's method are listed in Table 1 (see 
entry termed 'Homogenized' particle). The accuracy of 
this method, as applied to this morphology, has been 
discussed by one of us elsewhere 22. The properties of the 
second type of particle are listed in Table 1 as PB. 

The third particle consists of concentric spherical shells 
of PB and PS (CS PB/PS), are shown in Fioure 2a. It is 
composed of a collection of alternating layers of PB and 
PS block copolymer domains with elastic properties 
listed in Table 1. The volume ratio of PB to PS is 1/2, and 
is given by the molecular weight ratio of PB to PS in the 
block copolymer. It too is in a matrix phase of high 
molecular weight PS. This, of course, is a composite 
microstructure that cannot be homogenized and is 
analysed as a layered particle, as depicted in the schematic 
idealization shown in Figure 2b. 

The fourth particle also consists of concentric spherical 
shells of PB and PS, with a morphology identical to that 
shown in Figure 2, but also incorporates additional low 
molecular weight PB (3 Kg mol-1). It will be referred to 
here as the concentric-shell-low molecular weight 
polybutadiene/polystyrene particle (CS LMWPB/PS). 
The additional low molecular weight PB in this particle is 
dispersed in the PB spherical shells of the block 
copolymer, resulting in a smaller volume fraction of PS in 
the particle, and giving a volume ratio of PB to PS of 2/1 

Table 1 Materials" properties 

Bulk modulus Shear modulus 
Materials (MPa) (MPa) 

Volumetric 
coefficient 
of thermal 
expansion 
(°C-') 

PS 3.265 (103) 1.25 (103) 2,0 (10 -4) 
PB 1.938 (103) 0.62 7.5 (10 -4) 
LMWPB 1.938 (103) 0.31 7,5 (10 -4) 
Homogenized 2.880 (103 ) 0.88 (103 ) 3.07 (10 -4 ) 
H2 2.849 (103) 0.86 (103) 3.17 (10 -4) 
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Figure 2 A concentric spherical shell particle incorporating additional 
low molecular weight PB, abbreviated as CS LMWPB/PS: (a) 
micrograph, (b) idealized morphology chosen for modelling purposes 

among the concentric spherical shells. This particle is also 
surrounded by a matrix phase of high molecular weight 
PS. It is analysed in the same way as particle three above. 

The fifth, high impact  polystyrene (HIPS) particle 
having the well-known morphology shown in Figure lb, 
where, however, the PS and PB phases are interchanged, 
will be treated by the same techniques used for the K-resin 
particle. 

All of the particles are assumed to have a perfect bond 
between themselves and the surrounding PS matrix 
transmitting all tractions. This is a valid assumption 
because the particles are composed of block copolymers 
and therefore, there does exist a high concentration of 
primary chemical bonds acting across the interfaces of the 
PB and PS blocks, both inside the composite particles 
and along the eventual interface between particles and 
matrix. All these composite particles primarily exhibit 
elastic behaviour; however, the glassy PS matrix can also 
creep under sustained load and can undergo some 
viscoplastic stress relaxation as a result. This will be 
discussed later. 

Stress histories 

As mentioned above, each particle introduces a 
thermal expansion and stiffness misfit to the matrix. The 
magnitude of the misfits differ with each particle because 
both the morphology and the material composition of 
each particle can differ. These misfits induce stresses in the 
matrix around the particle, which in turn contribute to 
the initiation of crazes. 

The thermal expansion misfit is introduced during the 
processing of the heterogeneous material. At the glass 
transition temperature of PS (95°C) both the PS and the 
PB should be fully relaxed and free of internal stress. All 
material is exposed to this temperature to remove 
unknown internal stresses due to the previous processing 
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steps consisting of moulding or solvent casting followed 
by differential removal of solvent by evaporation and 
uneven cooling. We consider that material, bearing all 
five particles, has been cooled from T s of PS to room 
temperature of 20°C at similar rates. The two components 
of the materials, i.e., the PB and PS, have very different 
coefficients of thermal expansion in the temperature 
range below 95°C, where PS acts as a stiff glassy solid, 
while PB acts as a lightly crosslinked rubber. This 
different behaviour induces a thermal misfit stress between 
the particle and the matrix, in order to maintain 
compatibility. 

Subsequently, this thermal stress can be partially 
relaxed because of the non-linear creep behaviour in the 
PS matrix. It will be shown that for lengths of time of 
interest, this stress relaxation can sometimes be significant. 

A second kind of misfit is introduced when an external 
stress is imposed on the material. In most cases, the stress 
of interest is an applied far field tensile stress. The misfit 
occurs because each component material, PB and PS, 
possesses different elastic properties, causing a non- 
uniform distribution of the stress in the matrix. The end 
result is a stress concentration around the particle, and 
particularly at the equatorial plane, as defined in Figure 3, 
but also secondarily at the poles. 

STRESS ANALYSIS 

Thermal residual stress 

The thermal residual stresses developed in the matrix 
and the homogenized (isotropic) particle can be 
determined analytically from existing solutions for 
misfitting spheres. In order to include the effect of finite 
volume fractions of particles, the analysis considers two 
concentric spheres of radius a and b, as shown in Figure 
4. The inner sphere represents the particle, and the outer 
shell represents the matrix allocated to one particle. The 
volume fraction of particles is c = (a/b) 3. Considering that 
no external stresses are applied, i.e., the radial stress 
acting across r=b is zero, the interfacial radial stress 
resulting from the enforcement of compatibility between 
the particle and the matrix due to a temperature change of 
AT is: 

Kp(~m -- ~p) A T 
O"  r - -  1 K p [  l+Vm ]=0", (1) 

1 Jr 1 - ~  K m 2(1 - 2Vm) t- c 

Equator 

Figure 3 Coordinate axes for spherical particle 

,% 
f x  
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Particle 

Matrix 

Figure 4 Idealization of a spherical particle in a finite volume fraction 
c, as two concentric spheres with radius ratio a/b=c 1/3 

where K is the bulk modulus; 7 is the volumetric 
coefficient of thermal expansion; and v is Poisson's ratio. 
The subscripts 'm' and 'p' stand for matrix and particle, 
respectively. 

When the particle itself is heterogeneous, the effective 
bulk modulus Kp and the volumetric coefficient of 
expansion 7p of the particle must be obtained first by 
treating it as a micro-composite. Such a treatment by the 
method of Chow 2°'21 gives for an occluded phase of 
spherical shape 

[ 1+v2 ] /2) 
l+[~2~2-1][1-C']L3(l_v2)j 

I 1}, 
K2L72 

=72 1+ l+v2 

In equations (2) and (3), the subscripts 1 and 2 stand for 
the occluded phase of the spherical form, and the 
topologically continuous surrounding phase in the 
particle, respectively. 

The resulting misfit stresses in the particle and in the 
surrounding matrix due to a are, in spherical coordinates: 

Particle: O'r = 0"0 = O'~b ~--.~- O"; (r<~a) (4a) 

[ ( a ) a  1 tr ;(a<~r<~b) (4b) Matrix: O'r= - -C  1 - - C  

-F!(a~ a ] ~ ;(a~r<~b) (4c) ao= k2\ r) +c 1-c  

where r indicates radial position, 0 and ~b are the altitude 
and azimuthal angles, respectively. 

When considering a particle in an infinite matrix, i.e., 
c=0 ,  the stresses at the interface reduce to: 

Kp(Tm - -  7 p ) A T  
t r =  

1 + ~  (1 +vm) 
2(1 - 2Vm) 

Particle: trr=tr0= ae=t r  (r<<.a) (5a) 

Matrix: a r = a  r (r>_-a) (5b) 

~r 0 = o ,  = 2 \ r J  (r>~ a) (5c) 

For this case only, the matrix stresses are purely 
deviatoric everywhere, and the negative pressure becomes 
zero in the matrix. 

To obtain a closed-form solution for the stresses 
developed due to the thermal expansion misfit between 
the matrix and the third and fourth composite particles 
with concentric spherical shells is a lengthy and tedious 
task because of the multi-layered internal structure of the 
particle and the thermal misfit between the layers within 
the particle. However, a very good solution can easily be 
obtained with a finite element (FEM) analysis. Both the 
geometry and loading of the problem are spherically 
symmetric; therefore, only a small section of the problem 
needs to be considered. This section, with appropriate 
boundary conditions, is pictured in Figure 5. The finite 
element code ABAQUS was used in the analysis. The 
stress distribution within the particle, as well as in the 
matrix, was obtained. The accuracy of the solution was 
determined by conducting a finite element analysis on an 
isotropic particle and comparing the results with the 
analytical solution in the theory of elasticity, already 
discussed above. The error was found to be less than 1%. 

The results of the analytical and FEM study indicate 
that the thermal stresses developed within the quasi- 
homogeneous (homogenized) K-resin and HIPS particles 
and the two concentric spherical shell particles differ 
dramatically. The homogenized particles develop a 
uniform hydrostatic stress, as shown by equation (4a). To 
obtain the magnitude of these hydrostatic stresses for 
particles in an infinite medium, i.e., for c = 0, for the two 
specific cases of the K-resin particle and the HIPS 
particle, the bulk moduli and coefficients of thermal 
expansion must be obtained from equations (2) and (3). 
For the K-resin particle Kt/K2=KpB/Kps, 71/72 = 
7PR/TPs, v2 = Vas = 0.33, and cl = 0.23; while for the HIPS 
particle K l /K2  = Kps/Kaa, 71/72 = 7PS/~PB, V2 = YPB = 0.5,  
and cl = 0.8 in most typical cases, as we will discuss below 
in a more detailed evaluation. This results in K p  = 
2.88GPa and 7p=3.08x 10 -4 K -1 for the K-resin 
particle and Kp= 2.88 GPa and 7p= 3.10 × 10 -4 K -  ~ for 
the HIPS particle. Thus, ignoring the small differences 
between the volumetric coefficients of expansion, these 
two particles have nearly identical bulk moduli and net 
coefficients of thermal expansion, apparently because the 
effect of their inverted topologies are nearly fully 
compensated by the somewhat different volume fractions 
of occluded phases. In an infinite PS matrix, the negative 
pressure inside the composite particles due to a thermal 
expansion misfit resulting from a temperature difference 
of AT= - 75 K is 7.95 MPa for both particles, for the 
component phase properties listed in Table 1. 

The thermal loading produces a stress gradient in the 
two concentric shell particles, with the stresses increasing 
as the particle centre is approached. Figure 6 shows the 
negative pressure gradient carried by the PB layers of 

Figure 5 A characteristic 'slice' of a concentric spherical shell particle, 
as used to model the thermal expansion misfit problem 
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Figure 7 Effect of volume fraction c of particles on the thermal 
expansion misfit stresses in the matrix on the particle border, induced 
by the homogenized particle 

both particles, each having a PS core and 10 concentric 
alternating PB and PS shells. The PS layers support a 
hoop stress %, as well as a negative pressure, and are 
instrumental in building up the negative pressure toward 
the centre. These stress levels are a maximum when the 
particles are in an infinite matrix. The resulting negative 
pressures in the PB layers for the CS PB/PS particle range 
from 10 MPa  to 38 MPa  from the particle border to the 
centre and that for the CS LMWPB/PS particle range 
from 14.9MPa to 5 0 M P a  in the particles with 10 
concentric shells, both for a A T = - 7 5 ° C  and the 
properties listed in Table 1. 

The stress state in the matrix at the particle/matrix 
interface is similar in trend for all particles. When the 
particle is in an infinite matrix, the stress state is purely 
deviatoric throughout the matrix. As the volume fraction 
of particles is increased, a positive pressure is developed in 
the surrounding matrix to compensate for the negative 
pressures inside the particles, while the deviatoric stress 
remains approximately the same. The matrix stresses 
which are highest at the particle border are shown in 
Figure 7 for the two homogenized particles. The 

dependence of the normalized matrix stresses at the 
particle border on particle volume fraction is very similar 
for the other particles. The magnitudes of the stresses in 
an infinite matrix are shown in Table 2 for all particles, 
which can be used as the scale factors for the finite volume 
fraction problems of Figure 7. The largest stresses in the 
realizable particles, result from the CS LMWPB/PS  
particle which gives a radial stress of 14.9 MPa  at the 
particle border. The stress for the idealized pure PB 
particle is naturally, considerably higher at 34.5 MPa.  
This is not surprising because the CS LMWPB/PS 
particle is the one with the greatest percentage of PB, at 
6 7 ~ .  The CS PB/PS particle possesses 33 ~ PB, and 
resulted in a radial stress of 9.68 MPa,  while the 
homogenized particle, containing 23 ~ PB for the K-resin 
and 80~o PS for HIPS,  resulted in a radial stress of only 
7.95 MPa  at the particle border. However, it is not just 
the material composition which affects the thermal stress 
level, but also the microstructure of the particle, as is clear 
from the very different morphologies of the K-resin and 
HI  PS particles. This effect is determined in a different way 
by considering a particle containing the same volume 
ratio of PB and PS as the CS PB/PS particle, but in a 
homogenized form (the H2 particle in Table 1) and 
calculating the thermal stresses produced by this particle. 
Such a particle would produce a radial thermal stress of 
8.64 MPa  when in an infinite matrix. This is more than 
109/o lower than the 9.68 MPa  from the CS PB/PS 
particle. Therefore, we conclude that the concentric shell 
morphology produces a greater effective thermal 
expansion misfit than the homogenized morphology. 

Uniform applied tension 

Particles in an infinite matrix. For  the present, we will 
neglect any linear or non-linear relaxation of the thermal 
residual stresses that may happen in the matrix material 
during sustained loading but we will consider what 
happens when an additional tensile stress is applied in the 
far field. A closed-form solution for this problem is 
available for an isotropic particle in an infinite medium, 
while finite element analyses were necessary for the 
concentric shell particles and finite matrix effects. 

The stress distribution around a spherical elastic 
inhomogeneity in an infinite elastic matrix under a 
uniform far field tensile stress has been determined by 
Goodier 23. His solution assumes the matrix and the 
particle to be homogeneous and isotropic, as well as 
perfectly bonded to one another. Therefore, this solution 
can be used for both cases of the homogenized particles, 
and the pure PB particle problems. 

Table 2 Thermal residual stresses for particles in an infinite medium 
for AT= 75°C 

Matrix stress at particle border 
Particle stress 

P a r t i c l e  o r (MPa) ar (MPa) a o (MPa) 

Homogenized a 7.95 7.95 3.97 
PB 34.5 34.5 - 17.8 
CS PB/PS b -- 9.68 -4.84 
CS LMWPB/PS b -- 14.9 - 7.45 
H2 8.64 8.64 -4.32 

° For both the K-resin particle and the HIPS particle 
b Particles containing 10 concentric alternating spherical shells of PB 

and PS 
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Figure 8 Geometry and boundary conditions for the FEM modelling 
of the concentric spherical shell particles. The rollers represent zero 
displacement normal to the line. For  the inner structure of the particle, 
see Figure 11 

A finite dement analysis was conducted to determine 
the stress field around the concentric shell particles due to 
a uniform far field tensile stress. The axial symmetry of the 
geometry and loading are taken advantage of in the finite 
element modelling problem depicted in Figure 8, which 
shows the outer PS region. The detailed structure for the 
inside portion of the layered particle is shown in Figures 
lla, b below. The accuracy of the FEM solution was 
determined by conducting a finite element analysis also 
for an isotropic particle and comparing the results with 
those of the Goodier solution. This indicated less than 3 % 
error in the main stress concentration factor for the stress 
ao at the equatorial plane. 

The results for the homogeneous particles indicate that 
the elastic inhomogeneity effect of the particle with 
differing elastic properties from the matrix causes a non- 
uniform stress distribution with a range of about 4 
particle radii in the region surrounding the particle upon 
the application of the far field tension 23 in the case of 
particles in an infinite medium. The distribution of stress 
in the matrix around the homogeneous particle has been 
given by Goodier 23 in spherical coordinates. This 
distribution is well known and will not be re-stated here. 
The state of stress inside the particle is homogeneous, 
according to Eshelby's 24 well-known generic solution of 
the ellipsoidal inhomogeneity problem. 

The state of stress in the matrix outside the concentric 
spherical shell particles was obtained from the finite 
element solution. These stresses were compared with the 
distributions resulting from the Goodier solution for the 
homogeneous and homogenized particles. For the 
purpose of craze initiation, the individual components of 
the stresses are of less interest than the Mises equivalent 
stress and the negative pressure which enter the more 
physically based theoretical models directly 25-27. The 
distribution of Mises equivalent stress and negative 
pressure in the surrounding matrix within a layer of one 

particle radius are given in Figures 9a and 9b, for the 
homogenized K-resin particle. The results for the HIPS 
particle and the homogeneous PB particle are very 
similar, though quantitatively somewhat different. The 
corresponding results for the CS LMWPB/PS layered 
particle are given in Figures lOa and lOb. Again, the results 
for the somewhat less flexible CS PB/PS particle are very 
similar, except, of course, the local stress concentrations 
are considerably less. In both cases, it is clear that both 
the Mises equivalent stress and the negative pressure 
are concentrated primarily around the equatorial region. 
There is a lesser concentration of Mises equivalent stress 
also at the poles. On the other hand, the concentration of 
the mean normal stress changes from a negative pressure 

Oe/O~ 

4 0.92 
5 0.96 
6 1.00 
7 1.04 
8 1.08 
9 1.12 

b 

Figure 9 Distributions of stress in a matrix layer of one radius 
thickness around the homogenized particle: (a) equivalent stress ~ ,  (b) 
negative pressure a 
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a 

o'e/O= 
5 0.8 
6 1.0 
7 1.2 
8 1.4 

b 

o/o .  

4 0.4 
5 0.2 
6 0 
7 -0 .2  

Figure 10 Distribution of stress in a matrix layer of one radius 
thickness around the CS LMWPB/PS particle: (a) equivalent stress ae, 
(b) negative pressure tr 

along the equator, to a pressure at the poles. The actual 
concentrations of all the stresses individually, as well as 
the Mises equivalent stress c% and negative pressure a are 
given in Table 3, for an equatorial point, in units of the 
distant tensile stress aoo for all five particles. 

In Table 3, the results are listed for particles in the order 
of increasing flexibility of the particle, from left to right. 
The pure PB particle represents the ultimate achievable 
performance with rubber, while the homogenized K-resin 
particle with its topologically continuous PS block phase 
is the lea.st flexible of all. Clearly, the CS LMWPB/PS 
particle, which is the best one achievable with a high 
quality interface, has come quite close to the ultimate 
performance of the pure PB particle, which cannot be 
obtained in the micron size range with a high quality 
primary bond interface. Thus, in the CS LMWPB/PS 

particle, the concentration of tangential stress tr 8, Mises 
equivalent stress a=, and negative pressure a, have 
achieved 83.3, 90, and 72.6~o of the performance 
difference between the poorest (homogenized K-resin) 
and the best (pure PB) particles. The performance of the 
homogenized particle may actually be somewhat better 
than depicted here. The stress concentrations for this 
particle are a lower bound estimate because the elastic 
properties of this particle were calculated by Chow's 21 
method, which for this morphology, gives an answer close 
to an upper bound for stiffness. The HIPS particle 
appears slightly less effective than the CS PB/PS particle. 

While the state of strain inside the homogeneous 
particles is homogeneous, as is well known from Eshelby's 
generic solution 24, the strain inside the layered particles is 
complex and intricate, as is shown in Figures l l a  and l l b  
for the case of the CS LMWPB/PS particle. In these 
Figures, the dotted contours represent the undistorted, 
ten concentric PB and PS layers of the particle modelled. 
Under a distant tensile stress, as the particle elongates in 
the direction of the tensile stress, the spherical PS layers 
merely flex, while the PB layers with their almost 
negligible shear moduli undergo fluid-like motions. The 
PB squeezed out from the equatorial plane 'flows' up 
toward the poles, where the differential flexure of the PS 
shells make more room for it in the annular gaps. 

Particles of  finite volume fractions. When the volume 
fraction of particles is finite, their zones of perturbation of 
the matrix interpenetrate, which serves to increase the 
magnitude of each component of stress. This has been 
investigated for a volume fraction of 0.21 that was of 
interest for the experimental system investigated by 
Gebizlioglu et al. 9. In the model, regularly placed 
particles are considered in periodic axi-symmetric cells 
with periodic boundary conditions, where the stressed 
top face and free cylindrical side faces are displaced 
uniformly. Clearly, this constitutes an upper bound 
model for the interaction of the particles. 

The result of this study for the CS LMWPB/PS 
particles is given in Table 4, comparing the concentrations 
of stress for a material with c---0.21 volume fraction of 
particles, with the case of these particles in infinite 
dilution, at c = 0. 

The interactions of homogeneous particles in a uniaxial 
tensile field has been solved earlier by Broutman and 
Panizzal 6, also by the finite element method in a way very 
similar to the procedure described above, but for a series 
of increasing volume fractions. For completeness of 

Table 3 Equatorial stress state in matrix outside particle, due to 
applied tension, tLo, in infinite medium 

Equatorial 
stress Homogenized CS PB/PS CS LMWPB/PS PB 

ar/aoo 0.050 0.039 0.130 0.286 

tro/tro~ 1.160 1.690 1.760 1.880 

a~la~ 0.008 0.054 0.046 0.040 

tre/a® ° 1.130 1.640 1.670 1.730 

a/tr~ ~ 0.407 0.594 0.645 0.735 

=tre is the Mise~ equivalent stress 
~a is negative pressure (mean normal stress) 
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Figure 11 Flow-like distortions in the PB layers ofa CS LMWPB/PS 
particle under a distant tensile stress: (a) inner 7 layers of PB, 
displacement magnification factor is 105; (b) outer 3 layers of PB and 
part of the surrounding PS matrix, displacement magnification factor is 
162 
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presentation, we have reproduced their principal results 
in Figure 12. Inspection of their results indicates that 
significant increases in stress levels do not occur among 
homogeneous particles until particle volume fractions 
exceed 0.3. Since usual volume fractions of particles in 
heterogeneous polymer systems are approximately in the 
range of 0.2, including those in the experiments of 
Gebizlioglu et al. 8"9 that are being modelled here, this 
interaction effect will not be dramatic. In HI  PS, however, 

the panicle volume fraction can often be as high as 0.5, 
making consideration of particle interactions necessary. 
The result for the layered particles shown in Table 4 is 
generally in agreement with Figure 12. 

In most cases, the particles are likely to be randomly 
distributed in the volume in a real polymer, resulting in 
larger local variations in volume fraction than the average 
of 0.2 that is of interest. Thus, early craze initiation should 
be expected from such regions. The prematurely initiated 
crazes in these regions, however, should level down the 
local elevation of stress so that the average particle size 
and spacing is still likely to govern the overall behaviour, 
by arguments similar to upper bounds to limit loads in 
plastically deforming structures 2s. 

RELAXATION OF T H E R M A L  STRESSES 
It must be recognized that the thermal stresses in the 
majority phase of PS surrounding the composite particles 
are set up in the final cooling process from the last 
annealing step at 100°C, and will remain applied for long 

Table 4 Finite matrix effects on stress concentrations around the CS 
LMWPB/PS particles for two volume fractions of particles 

Equatorial stresses c = 0 c = 0.21 

err/Or ® 0.130 0.158 
ao/tro~ 1.760 1.88 
tr 4,/tr ~ 0.046 0.100 
ae/a~" 1.670 1.750 
¢/a~ b 0.645 0.713 

a ire is the Mises equivalent stress 
b cr is negative pressure (mean normal stress) 
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Figure 12 Dependence of the equatorial stresses and pole stresses 
around a particle on the volume fraction of particles. [Reproduced from 
Broutmann, L.J. and Panizza, G. International Journal of Polymeric 
Materials 1971, 1, 95, by permission of Gordon and Breach Science 
Publishers] 
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Figure 14 Viscoplastic relaxation oaf thermal residual stresses in the PS 
matrix around a CS PB/PS particle in an infinite domain 

periods of time at room temperature until the samples are 
tested or otherwise used. Thus, it is possible that 
considerable stress relaxation can occur in the PS over 
this initial period of 'sitting on the shelf.' Linear 
viscoelastic stress relaxation at room temperature in PS 
should be too low to be of much importance. There is little 
information on the stress relaxation of PS in the 
appropriate non-linear stress range at room temperature. 
Therefore, we model this behaviour as viscoplastic 
relaxation by the plastic flow theory of Argon and 
B e s s o n o v  29, in which the equivalent inelastic shear strain 
rate can be written as: 

~; = ~o e x p [ -  AG*/kT] (6) 

with an activation-free enthalpy, AG*, given by: 

3~#o92a a 
AG* 16(l_v~[1-8.5(1-v)5/6(trJ3~/21t)5/6] (7) 

In equation (7), #, 09, a, are the average shear modulus, 
average rotation angle of a molecular segment producing 
the local shear relaxation and, a, the segment radius. The 
details of this theory have been experimentally verified by 
Argon and Bessonov, and are not a subject of discussion 

M. E. Boyce et al. 

here. We adopt its form and use the experimental 
constants of Argon and Bessonov in our evaluation. 

The analysis of the relaxation of the thermal residual 
stresses around the composite particles in our materials is 
quite lengthy and is summarized in the Appendix. The 
stress relaxation results at room temperature for the K- 
resin particle and the two concentric shell particles (all in 
an infinite matrix) are shown in Figures 13-15. These 
indicate that there is very little relaxation of the stresses 
surrounding the K-resin particle and the CS PB/PS 
particles over a period of ca. 10 6 s at room temperature, 
but a much greater relaxation of stresses around the CS 
LMWPB/PS particle. This, of course, is due to the higher 
deviatoric stress around the CS LMWPB/PS particle 
produced by the much larger thermal expansion misfit of 
this particle. 

DISCUSSION 

Craze initiation in a uniform stress field 

The principal purpose of evaluating the mechanical 
properties of the four composite particles and the PB 
particle, which we have presented and analysed in the 
preceding sections, was to compare the effectiveness of 
different morphologies in craze initiation. 

Many ad-hoc uniaxial stress or strain criteria for craze 
initiation have been proposed by early investigators 
which have been evaluated by Wang et al. 3° for 
application under multi-axial conditions and have been 
found of little predictive value. The first multiaxial craze 
initiation criterion with any generality was proposed by 
Sternstein and Ongchin al on the basis of biaxial craze 
initiation experiments on poly(methyl methacrylate) 
(PMMA). Other multi-axial craze initiation criteria have 
been put forward by Oxborough and Bowden t°, Argon 
and Hannoosh 25, and by Kawagoe and Kitagawa 27, to 
mention only the most prominent. The last two authors 
have also re-evaluated all existing multiaxial crazing 
criteria for specific application to cases of solvent crazing. 
They found that only the criterion of Argon-Hannoosh 
had the proper form that permitted modification to 
successfully account for their experiments on solvent 
effects. Their own alternative criterion differed only 
insignificantly from that of Argon and Hannoosh 25. 
Therefore, we will consider only this criterion in craze 
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Figure 15 Viscoplastic relaxation of thermal residual stresses in the PS 
matrix around a CS LMWPB/PS particle in an infinite domain 
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Table 5 Equatorial stress state due to thermal  stresses and applied tension a~  (in MPa)  

(a) Infinite matrix 

Particle Homogenized CS PB/PS CS LMWPB/PS  

Stress (MPa):ar  7.95 + 0.05a~o 9.68 + 0.04a~ 14.9 + 0.13tr~ 
a o - 3.97 + 1.16aoo - 4.84 + 1.69a~ - 7.45 + 1.76tr~ 
tr~ - 3.97 + 0.01#oo -- 4.84 + 0.54a~ - 7.45 + 0.046a~ 
tr 0.4hr~ 0.594a~ 0.645a® 
O" e [ 142 -- 12.8ao~ + 1.28a2] l/2 ['211 -- 24.2a oo + 2.70try] l/2 [500 -- 34.6a oo + 2.80a~] l/2 

(b) Finite matrix 

Particle Homogenized (c=0.22) CS LMWPB/PS  (c=0.21) 

Stress (MPa) :a  r 6.41 +0 .1a~  11.47+0.158a~ 
a o - 5 .64+ 1.314o'~ - 10.13 + 1.88a~ 
a ,  - 5.64 + 0.02a® - 10.13 + 0.10a® 
a - 1.62 + 0.478a~ - 2.93 + 0.713a~o 
tre [ 1 4 5 -  13.7a® + 1.58a2] 1/2 [467 + 35.9a~ + 3.07a2] ~/2 

Table 6 Equatorial stress state due to thermal stresses (after an 8 day relaxation period at 300K) and applied tension a~.  (in MPa)  

(a) Infinite matrix 

Particle Homogenized CS PB/PS CS LMWPB/PS  

Stress (MPa) a r 7.76+0.05 tr~ 9.42+0.04 a~ 13.8+0.13 a~ 
a o - 3 . 5 +  1.16 a~ - 3 . 6 +  1.09 a® - 1.81 + 1.76 a:~ 
tr~ - 3 . 5 + 0 . 0 8  a~ - 3 . 6 + 0 . 0 5 4  tr~ - 1.81 +0.046 a~ 
a 0.25+0.41 a® 0.74+0.594 a® 3.39+0.645 a~ 
ae [127-12 .9  a® + 1.20 o'2] 1/2 [170-21 .6  tr~ +2.70 a ~ ]  ~/2 [244-24.1 a~ +2.80 tr2] ~/2 

(during relaxation) ~ 0 ~ 0 0(10- i s) 

(b) Finite matrix 

Particle Homogenized (c=0.22) CS LMWPB/PS  (c=0.21) 

Stress (MPa) ar 6.24+0.1 t r ,  10.6+0.158 a~ 
a o - 5.04+ 1.314 a~ - 5.42+ 1.88 a~ 
tr, - 5 . 0 4 + 0 . 0 2  a® -5 .42+0 .1  tr~ 
o - 1.28+0.478 a~ -0 .08+0 .713  a~ 
ae [ 1 2 7 -  12.8 a~ + 1.58 a2o~] 1/2 [257-26.7  a~ +3.07 a2]  1/2 

fl (during relaxation) ~ 0 0( 10-1 a ) 

initiation. In the Argon and Hannoosh model, crazes 
initiate in two stages. In the first and precursor stage, a 
concentration of molecular level porosity fl increases 
linearly with time t in a thermally activated way, in 
response to the deviatoric component tre (equivalent 
tensile stress) of the stress tensor, i.e., as 

fl = C1 t exp( - C2/a~), (8) 

where C1 = 1.66 x 107 s-  1 and C2 = 1.65 GPa  at 300 K, as 
determined from bi-axial craze initiation experiments on 
polystyrene. In the second stage, this porosity expands 
plastically under the combined action of the negative 
pressure a and deviatoric stress try, according to the well- 
known generalized yield response of porous plastic 
continua32,3 s. This gives rise to an initiation condition of 

a = Q(fl, ae/r)  ~ -  ln(1/fl) (9) 

where Q is the symbolic representation of this generalized 
yield condition for the plastic expansion of the pores, and 
Y is the plastic resistance in tension 2s. The value of Q in 
equation (9) will be taken to be equal to 1.33 x l0 -2 on 
the basis of Argon and Hannoosh's evaluation, while 
Y= 70 MPa at 300 K. 

The local deviatoric stress tre and negative pressure a 
around the particle is affected by both the thermal 
expansion misfit and the applied far field tension in 
qualitatively different ways. Thus, although the 
contributions of these two stimuli to the individual 
stresses at an equatorial material element can be 
superimposed, the equivalent stresses have to be 
calculated separately. To start with, it is necessary to first 
determine the fixed level of the thermal misfit stresses 
which depend only on the temperature difference between 
Tg and the observation temperature, and then combine 
these with the stresses produced by the distant tension. 
This has been done for the K-resin particle and the two 
concentric shell particles for their known coefficient of 
expansion misfit and for a distant tensile stress tro~. 

The computed individual total stress components tr,, 
a o, a¢,, as well as the total deviatoric stress ae and negative 
pressure tr are given in Table 5 for both an infinite matrix 
and a finite matrix, but for no viscoplastic stress 
relaxation. The effects of the viscoplastic relaxation on the 
thermal misfit stresses and the consequences of that are 
given in Table 6, to parallel the information in Table 5. 
The term fl in Table 6 represents the calculated levels of 
protoporosity at the end of the precursor stage. 
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Comparison of the crazing effectiveness of particles 
We now compare the craze initiation effectiveness of 

the five particles discussed above under the action of an 
external stress goo alone in an infinite matrix, without 
regard of the thermal misfit stresses present in the 
particles. This comparison is not quite on equal ground, 
since the different particles contain different volume 
fractions of PB. While it is readily possible to normalize 
the results by calculating the properties of the four 
composite particles for a common volume fraction of PB, 
this would still not permit comparison of these with the 
pure PB particle. 

The sought craze initiating effectiveness of particles will 
be based on the criterion given in equation (9). 

For the comparison that we seek, we define a 
dimensionless rate R of crazing as 

=~t~t =exp L ~ (aJY)(ae/a~o) 

which is obtained from equations (8) and (9) with a little 
further modification. Equation (10) can be used for direct 
substitution of the local equatorial stresses around the 
five particles given in Table 3 for the five particles. 
Considering the pure PB particle as the ultimate in 
performance, we define a reference figure of merit for each 
particle as the ratio of the dimensionless crazing rate of 
that particle to the dimensionless rate for the PB particle, 
evaluated at a typical applied stress level ao~/Y. The 
calculated figures of merit for the five particles at a typical 
stress level ao~/Y=0.2 are given in Table 7. They show 
that the two concentric spherical shell particles are much 
better than the HIPS particle, and that in comparison to 
these three, the particle of pure KRO-I resin is orders of 
magnitude worse. The pure PB particle is the best 
performer in every respect. 

In calculating the stress concentrations around the 
HIPS particle, typical conditions that prevail for such 
particles were considered. Thus, e.g., from dynamic shear 
modulus measurements of a pure PS and a HIPS sample 
at room temperature, moduli of 1.25 GPa and 0.57 GPa 
are found, respectively 1. The modulus for the HIPS 
sample is for a volume fraction of 0.1 of PB and a volume 
fraction of 0.8 of occluded PS in the particles 1. This gives 
a composite particle volume fraction of 0.5 in the HIPS, 

T a b l e  7 Comparison of figures of merit for craze initiation for all 
particles at a stress level trulY=0.2 

Homogenized 
K-resin HIPS CS PB/PS CS LMWPB/PS  PB 

1 .05x10  -2°  2 .80x10  - s  9 . 8 9 x 1 0  -4  1 . 1 1 x l 0  -z  1 

and permits determination of the effective shear modulus 
and Poisson's ratio of the composite particles as 
0.156 GPa and 0.489 respectively at room temperature 
through the use of Chow's method 2°. The specific stress 
concentrations listed in Table 3 were then obtained from 
Goodier's results za. 

Comparison with experiments 

As a final application of our developments, we now use 
the deviatoric stresses and negative pressures determined 
from our analysis, and listed in Table 5 above, to develop 
some understanding of the recent experimental 
observations of Gebizlioglu et al. a'9 on the homogenized 
particles and the concentric spherical shell particles. 

With the information given in the preceding section 
above, the required tensile stress troo to initiate crazes 
around the equatorial region of a particle within a typical 
time under load of, say 10 2 s, was calculated for the K- 
resin particle and the two concentric shell particles, 
taking initially no note of stress relaxation. The combined 
stress state due to thermal stress and the applied tension 
ao~ for each of these particles is listed in Tables 5a and 5b 
for infinite and finite matrices, respectively. The calculated 
results for aoo are shown in the first row of Table 8. 
Comparing these results with the experimental results 
given in the last row, we notice that the correct trend is 
predicted, i.e., the concentric spherical shell particles, CS 
PB/PS, will initiate crazes at a lower applied stress level 
than the homogenized particle, and of these, the modified 
particle CS LMWPB/PS gives the lowest stress. 
However, the magnitudes of the predicted stresses are 
substantially higher than the experimental results. This 
could be due to the neglect of the relaxation of the thermal 
stresses. The relaxation of these stresses can aid the craze 
initiation process in two ways. Firstly, the relaxation of 
the deviatoric stresses outside the particle by viscoplastic 
flow should result in the establishment of some 
microporosity, ft. Secondly, the stress relaxation also 
lowers the level of the detrimental 'image' pressure that is 
present between particles to compensate for the negative 
pressure inside the particle for finite volume fraction of 
particles. Both of these effects were considered by using 
the relaxed values of local stress given in Tables 6a and 
6b to calculate tr~o. The calculated levels of a~o for these 
relaxed thermal stresses are given in Table 8 in the second 
row. Apart from the CS LMWPB/PS particle, the effect of 
viscoplastic stress relaxation was slight, and resulted in 
negligible changes, as is clear from Table 8. 

The above analysis supports the conclusion of 
Gebizlioglu et al. 9, that new factors are at play and that 
separate considerations are necessary to explain the very 
low levels of craze flow stresses reported by these authors, 
as well as those that have been accepted for HIPS for 

T a b l e  8 Tensile stresses, a~ ,  for craze initiation 

Homogenized 

c = 0  c=0 .22  

CS LMWPB/PS  
CS PB/PS 
c = 0  c = 0  c=0.21 

a~  Unrelaxed 36 33 
(MPa) Relaxed" 36 33 

ExperimentaP - -  30 

26 24 24 
25 22 22 
10 - -  1 0  

"For an 8 day relaxation period 
b Gebizlioglu et al. s'9 
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many years. Clearly, the stress analysis presented above 
leaves little uncertainty about the stress state around the 
particles. Even though larger spherical shell particles with 
more layers result in ever increasing levels of thermal 
negative pressure in the centre of the particle, the effect on 
the particle border is far less dramatic. Considering that 
perhaps the various craze initiation constants C1, C2, Q, 
etc., reported by Argon and Hannoosh for PS may be 
suspect, more uncompromising upper bound analyses 
were also performed for viscoplastic cavitation of a 
porous plastic continuum using the generalized 
cavitation loci of Gurson 32 to calculate craze initiation 
stresses based on 'first principles' which gave even less 
satisfactory agreement with experiments 22. 

Thus, we are led to conclude that the reported craze flow 
stresses of Gebizlioglu et al. 9 w e r e  not directly governed 
by initiation of crazes from particles. In fact, their 
observations and our analysis indicate that in those 
experiments, crazes must have resulted from the particle 
interfaces, not by a homogeneous nucleation process, as 
studied by Argon and Hannoosh 25 in homo-PS, but by a 
heterogeneous nucleation process at fairly low stresses. 
The nature of this heterogeneous nucleation process is 
unclear. Additional local stress concentrations are 
difficult to identify, and there is little evidence from the 
known nature of the particle interfaces 34 to expect an 
embryonic morphology with the properties of craze 
microstructure. This suggests that the subject craze flow 
stress appears to have been governed by the growth of 
crazes against an unusually low plastic resistance in the 
craze matter tufts. That this must have been the case, can 
be confirmed by some simple dimensional considerations. 

As has been discussed in some detail by Argon et  al. 7, 
the kinematic considerations of a craze dilatation rate 
dO/dt on planes normal to the applied tensile stress a~o 
result in an average tensile strain rate 

k dO (2roan'Ida 
~o --~lt = (2bf0cr) \ ~ - J  -~-, (11) 

where ?.be is the primordial thickness of a craze, and 0~ the 
dilatation inside a mature craze. The second term 
(2nan/V), has been identified as the active craze front 
length per unit volume, while da/dt is the velocity of a 
craze front under a distant tensile stress of a~o. Thus, if the 
active craze front length per unit volume is not governed 
by a nucleation consideration, it must be of a strictly 
geometrical origin related to the number density of 
particles. We consider here for simplicity, a planar, two- 
dimensional model of the situation where this term can be 
taken to be about two active craze fronts per projected 
area (2/~) 2 per particle on the vertical plane of 
observation, of an average particle. Thus, 

2~an 2 8c 
V ÷ (2--~ = ~-~ (12) 

where dis taken as the 'size average' particle diameter for 
the concentric shell particles, of a total volume fraction c. 
Then the required average craze velocity to produce a 
tensile strain rate k~ is simply 

d a  /ttt2koo 

dt 8c(2br0¢r )" (13) 

Taking d= 3.2 x 10 - 6  m, c = 0.22, 2bf0¢r= 3 x 10 - 6  m ,  as 
representative values in the experiments of Gebizlioglu et 

al. 9, and previous considerations of Argon et al. 7, we 
calculate an average required craze front velocity of 
7.92 x 10-10 cm s- 1. Using the normafized stress 
dependence of craze velocity at 300 K in PS published by 
Argon and Salama 35, we determine a required level of 
a~o/Y of 0.110, where ~" is the athermal flow stress in PS at 
300 K 29, which can be taken as 278 MPa from theoretical 
considerations29,as. This gives a required tensile stress <r~ 
of only 31.5 MPa, which, however, is still more than a 
factor 3 higher than the experimental value of 10 MPa. 
Hence, we must conclude that the effective athermal 
plastic resistance ~ of the craze tufts must have been less 
than 1/3 of the value in bulk, to explain the low craze flow 
stresses of Gebizlioglu et al. 9. That this may indeed be the 
case emerges from new cyclic stressing experiments 
of Gebizlioglu et al. a6 of extensively crazed blends 
containing concentric spherical shell particles which 
demonstrate very substantial retraction behaviour upon 
unloading. 

It is interesting to note that these same considerations 
must apply also to HIPS, which has craze flow stresses 
usually no higher than 13-15 MPa. 

Our analysis further shows that the most effective 
particles for craze initiation should be composed of pure 
rubber, as this would have the largest thermal expansion 
misfit and the highest compliance. For them to be useful, 
however, they have to be grafted to the surrounding 
matrix. This consideration also applies to a cavity which 
produces the maximum local stress concentration, but is 
totally ineffective in toughening because it constitutes 
also an initial defect of super-critical size for fracture 
inside any craze that it might initiate. 

CONCLUSIONS 

The craze initiating effectiveness of composite particles of 
rubber and stiff glassy polymers depend on both their 
thermal expansion misfit and their tensile compliance. 

Both the thermal expansion misfit-induced negative 
pressure inside a particle and the tensile stress-induced 
load shedding of the particle to its surroundings 
contribute effectively to the deviatoric stress at the 
particle border. On the other hand, while the thermal 
misfit produces an 'image' pressure outside the particle, 
the load shedding produces a negative pressure along the 
equator of the particle. 

Viscoplastic relaxation of the thermal stress outside the 
particles can reduce the 'image' pressure, somewhat, 
while it produces deviatoric inelastic strains that are 
known to result in protoporosity. Thus, such relaxation 
promotes crazing. 

The best estimates of the stress enhancing effects of 
particles in recent experiments on block copolymer 
particles of concentric spherical shell morphology, and in 
HIPS indicate that it is unlikely that their craze flow 
stresses are governed by craze initiation from particles. 
Rather, the results indicate that craze initiation is not an 
important barrier, and that the flow stresses are governed 
by craze growth. 
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APPENDIX 

Relaxation of residual stresses 
A solution is sought for the stresses, as they relax 

around a spherical particle of radius a due to the creep 
behaviour of the matrix which surrounds the particle in 

the form of a concentric sphere of radius b, as 
approximated in Fioure 4. To obtain this solution, basic 
kinematics will be considered first. One can write the total 
strains in the matrix around the particle as the sum of 
elastic, thermal, and creep strains: 

~0=4+~+~; 
~ = 8 0 "  

¢ _ _  "C where e~-~te~dt, and e¢=eo because the problem is 
spherically symmetric. The thermal strains are considered 
to be imposed initially by cooling from Tg of the matrix 
material to room temperature, where they set up an initial 
thermal strain which remains constant with time. 
Therefore, if we work in terms of strain rates, the total 
strain rate may be written as: 

= ~ + ~; (Ala) 

ko=k~+k~; (Alb) 

e¢=eo; (Alc) 

because the thermal strain rate is zero. Introducing the 
elastic stress-strain relation, the strain rates may be 
written as: 

1 
b~ = -E Ebb- 2Vbo] + ~; (A2a) 

1 
~o=~ [(1 -v)dro-Vd J +e~o. (A2b) 

These can be rewritten to give expressions for the stress 
rates as a function of the total strain rate and the creep 
strain rate: 

E 
~r = (1 -- 2V)(1 + V) [(1 -- v ) (~ - -  ~)  + 2V(~O-- ~)]; 

(A3a) 

E 
~o = (1 - 2v)(1 + v) [ ( 4 0 -  ~0) + v ( ~ -  ¢ ) ] .  (A3b)  

Now, in order to obtain expressions for b~ and ~ in terms 
of the known effective creep rate expression ~¢, which in 
our case is taken as the Argon-Bessonov expression, as 
given by equations (6) and (7), the assumption of material 
incompressibility during creep flow is first introduced: 

2~0+k~= 0 

g =  -2k~. 

Then, the definition of effective strain rate is used to relate 
the effective rate to the radial rate: 

• 2 • • 1 / 2 .  e~= [~%%] , (A4a) 

kc = _+ ~ = _ _+ 2k~. (A4b) 

The appropriate signs arc determined by the deviatoric 
stress state• In this case, the initial radial deviatoric stress 
is positive, and the initial tangential deviatoric stress are 
negative. This results in: 

kc = + ~ = _ 2g0 (a5) 

Substituting equation (A5) into equations (A3) will yield 
expressions for the stress rates in terms of the total strain 
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rates and the effective creep rate: 

E 
br (1-2v)(1 +v) [(1-v)~+2vk0-(1-2v)g~]; 

(A6a) 

E 
t~°- (1 - 2v)(1 +v) [~° + Vkr +½(i -- 2V)kc] (A6b) 

The total strain rates are still unknown and are found 
from the equilibrium equations. This problem is 
spherically symmetric, and therefore, only one equation 
remains to be satisfied: 

db 2(br-- o0) 
- - = 0 .  (A7) 

dr r 

This can be rewritten in terms of the strain rates through 
the use of equation (Ar) and a relation between radial 
strains and tangential strains for spherically symmetric 
problems, ~=  k 0 + r dko/dr. The resulting equilibrium 
equation, written in terms of the total unknown 
tangential strain rate and the known creep strain rate, is: 

dko . d 2 8 0  1 - 2v [-dk¢ _ k¢-] 
4-dTr + = + r j .  (A8) 

This may be multiplied by r a and rearranged to yield: 

d~ r4 - [r3e]. (A9) 
( l - v )  dr 

Equation (A9) can be integrated twice to obtain an 
expression for k0: 

1-2v[fj!kCdr_aa~(a)[ 1 1 ] ]  
~ 0 -  1 - v 3a 3 3r 3 

+ag(de°'~ [ l\-dT/,=,L-3a 3 31r3-I +ko(a) (AI0) 

By collecting unknown constant coefficients and 
assigning symbols to known expressions for simplicity, 

4[d~o\ =a(d~0"] 
C 1 = a / - - - I  ;C 2 +g0(a); 

\ d r / / r = a  3 \ dr /Ir=a 
(All,12) 

A=iC(a); I(r)= rgdr; (A13,14) 

the total strain rates can be written as: 

• 1 - 2 v  [ A ( a3"~ -] C1 
e°=~--v[I(r)--3 \ i - ~ ) J - -  3 7  + C' ; 

1-2v  
8r-- 

I - - V  

(A15) 

[ i ( r ) + k ~ _ 3 ( 1  2a3\7 2C, 

(A16) 

In order to obtain expressions for the unknowns C1 
and C2, the appropriate boundary conditions must be 
applied. For the particle in a finite body, these conditions 
are: 

at r=a, Gr = bp; (A17) 

at r=a, ti~=~; (A18) 

at r=b, b~=O. (A19) 

It is noted here that to obtain the solution for the particle 
in an infinite body, b is replaced by infinity and the 
solution is greatly simplified. 

Applying boundary condition (A17) yields: 

b p _ [  2 C2 A ]  
~--  3a3(l+vi c '*  1-2---~ 1¥v (A20) m 

Examining the expression for displacement at r = a, one 
can obtain an expression for tip in terms of by: 

Up=%ATa+ a3 a; (A21) 
3Kp 

• _ _  t T p  . 

Up-- ~ p  a, (A22) 

~p = 3Kp~(a). (A23) 

where K p  is the effective bulk modulus of the particle. 
Combining boundary condition (A18) and equation 
(A22) yields: 

E - 1 - 2Vp + C2 • (A24) 

where R is the ratio of the particle Young's modulus to the 
matrix Young's modulus, R=Ep/E. By equating 
equations (A20) and (A24), an expression for C2 in terms 
of C, is obtained 

1-2Vp -3a3(l+v) C1-t 1-2v l + v  

or  

(1 - 2Vp)(1 - 2v) 
C2 - R(1 - 2v)-  (1 - 2vp)  

[ 2(1-2Vp)+R(l+v) A ] 
× C1 3a3(l_2vp)(l+v ) l + v  " (A25) 

Applying boundary condition (A19) yields an expression 
for Ct in terms of C2: 

C 3b 3 [- 1 +v A 
, = ~ - / -  I(b) 1---~v + 3(--]-~_ v) (1 +v+2v(1-c) )  

l + v ]  
- C2 ~ J  (A26) 

where c=(a/b) a. Substituting equation (A25) into 
equation (A26) results in: 

C,= - I ( b ) ~ _ v + ~ ( l + v + 2 v ( 1 - c ) )  

(1 + V)(1 -- 2Vp) 

- R(1 - 2v)-  (1 - 2Vp) 

x Cl 3aa(l_2vp)(l+v) l + v  " 

(A27) 

By grouping constant terms together, 

Q = R(1 - 2v)- (1 - 2Vp), (A28) 

M = 2(1 - 2Vp) +R(1 -I- v), (A29) 

F =  1 + v + 2c(1-2v), (A30) 
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the unknown C1 can be found to be: 

3Qa 3 [-_i(b) l+V+AF F 1-2vpT].  
c1:  2cQ L [ 3Y: - v) ' 

and the unknown C2: 

C2 = (1 - 2Vp) (1 - 2v) 
Q 

x Cl 3aa(l_2vp)(l+v) 

(A31) 

A ] (A32) 
(1 +v) " 

Therefore, by substituting equations (A31) and (A32) into 
equations (A15) and (A16), the total strain rates are 
found. By substituting equations (A15) and (A16) into the 

stress rate expressions (A6a and b),we have thesolution 
for the stress rate due to creep of the matrix. 

Finally, the stress as a function of time is found by 
numerically integrating, using a forward Euler time 
integration scheme: 

t +Ator =tOr + t,m. (A33) 

The time increment, At, is chosen such that the maximum 
creep strain increment does not exceed a certain 
percentage (PCT) of the elastic strain; 

At <<. (PC T)g/ ~. (A34) 

Also, the integral l(r) must be numerically integrated. 
This is done with a simple trapezoidal integration. The 
radial positions for this integration are chosen based 
upon the initial curve of kc(r). 
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